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Let J be a function in LP(T j, 1 c p < + x, or let f be a continuous function on 
the torus T if p = + CC, and let K, be the nth Fejkr kernel. We prove that, although 
the sequence { [if-K,*.fli,} is not monotone in general, it still has a monotonicity 
property. Namely, if m <n, then Ilf- iS,*fll, < (2 + rn/~~)“;~““Ilf- Kzfll,. ID 1989 
Academic Press, Inc. 
Let f be an integrable function on the torus T ( = [ - 4, f)) and let 
K,, = & Cn (1 - Ijl/n j exp(2ngo ) be the nth Fejtr kernel. It is well known 
that the convolution K,*f is an approximation ofJ: In particular, when f is 
in L’(T), 
Ilf- Cfll2 = { ,i, < + ocI mint IA ‘ln’, 1) IfWl Ijl!‘, 
c 
2 the sequence { 11 f - K,T f.IIz} is monotone decreasing and 
n-r+m IIf -K,Tf[lt=O, When f 1s m LP(T) (1 <P-C +co) or when f 1s 
continuous on T (p = + CO)), it is slill true that lim,, _ +ir Ilf- K,* f lip = 0; 
however, in some cases the approximation off by K,* f can be worse than 
the approximation of .f by Kzf, m < II, i.e., the sequence ( 11 f - K,*fil,} is 
not always monotone. For example, the following theorem holds. 
THEOREM 1. Given E > 0 and m, there exists n > m and a conrinuous 
,function f such that 
Ilf - K,*f II n ’ (2 ~ &Jllf'- KZf II co’ 
Despite this negative result we shall prove that the sequence 
{ llf - K,*f II,) still h as the monotonicity property expressed by the 
following theorem. 
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TI-‘,EOREhf 2. For every function? f if? LP(T) ( 1 < p < + ,x) or corrtinziom 
on T (p = + s ), atld etlery n > m, we have 
llf- K,*fll, < (2 + inh2)12’pp- ‘I Iif- K~JI~,. 
Et is convenjent to prove Theorem 2 first. 
Proof of Throrem 2. Note that 
lf- Cf 1 .’ (A = cp,,.,,Wf- JC,f! ‘I’ (A, 
where 
cp,,,,,(j) = e/n if ljl < rn: 
= ljl/n if m d ijl < n, 
= 1 if ndljl. 
Also note that the multiplier (P*,~ is the Fourier transform of the measure 
co ,,!.,, =6, - K, + m/n K,, : 
where 6, denotes the unit mass measure at 0. Hence 
and since the total variation of the measure @‘,, )1 is less than 2 + m/n, the 
theorem follows in the cases p = 1 and p = i-a. The case p = 2 is an 
immediate consequence of the Plancherel formula. and the ether cases 
easily follow by interpolation. 3 
Proof of Theorem 1. The idea is that for a fixed 171 it is possible to 
choose y? so large that the total variation of the measure @m,n is greater 
than 2 - E. Let g be a continuous piecewise linear function such that 
g(x) = 1 if x=0, 
=-- 1 if 6 < 1.~1 <t5 
= 1 if $+S< /x/ <f. 
where 6 is a very small positive number. Note that J/g\/ x = I. and that g has 
mean zero. It is easy to check that if b is very small and II is very large, then 
@z,., g(0) > 2 -E. Define now f by 
PV) = ~~/lA .2(j) if 0 < IjI e: rr:. 
= i(j) if m $ ijl. 
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and f(O) arbitrary. Then 
f-C,f=g, 
and 
llf-Cfll, = II@Lzgll, 
2(2-~)Ilgll, 
=G-&)llf -KEfllm. I 
We conclude this note by observing that an analogue of Theorem 1 
holds for every family of approximations of the identity formed by 
trigonometric polynomials. However, it is not difficult to construct families 
of approximations of the identity for which no analogue of Theorem 2 is 
true. 
Nore added in proqf: Professor L. De Michele has obtained an extension of Theorem 1 to 
L”(T), l<p< +cn and pf2. 
